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We have carried out dilatant plasticity simulations to investigate the process of void-mediated failure
inside a shear band. The constitutive model accounts for possibly inhomogeneous flow within the band,
void rotation and void elongation. We found that the material in the band may soften with no increase
in the void volume fraction. For a given matrix hardening capacity, the rate of softening was found to
depend strongly on the ratio of shear band width to in-plane void spacing. The emergent softening led
to complete loss of load bearing capacity thereby providing a physical mechanism of failure in shear
bands. The mechanism is consistent with essential features of shear-fractured specimens in terms of
surface roughness, porosity and dimple shape.
Failure by shear banding is ubiquitous and occurs in
complex fluids [1], granular materials [2, 3], rocks [4] poly-
crystals [5, 6], polymers [7] and metallic glasses [8, 9].
However, the mechanism of material separation inside the
shear band has remained elusive. Understanding it will not
only potentially retard failure in shear bands, if desired,
but also impact other applications where failure occurs un-
der shear dominated loadings. The stress state in shear
bands is generally complex depending on the loading path
prior to the onset of strain localization [10]. Correspond-
ingly, shear bands are generally dilational. While arbitrar-
ily large tension-to-shear ratios may be encountered inside
shear bands, here we focus on situations of vanishingly
small tension-to-shear ratios and aim to present a physical
model of complete material separation.
Voids are the main defects mediating ductile fracture
[11, 12]. The plastic enlargement of these defects domi-
nates at moderate to high ratios of tension-to-shear stress
(tension-dominated loading), Fig. 1a. Voids are also be-
lieved to play an important role at low tension-to-shear ra-
tios (shear-dominated loading), Fig. 1b. However, a spe-
cific mechanism by which failure occurs is still lacking.
Void nucleation is material specific and will not be ad-
dressed here. Well-established micromechanical models of
void growth and coalescence [13, 14] predict infinite duc-
tility under shear loading. This is due to two idealizations:
(i) that the void volume fraction, f , is the sole internal
parameter representing the defects; and (ii) that void co-
alescence occurs upon attainment of a critical value of f .
Since the rate of growth of f is completely determined by
the dilational part of the macroscopic plastic strain rate,
which is nil in shear, no growth is predicted, hence no fail-
ure. An attempt to remedy this consists of amending the
void growth law with a shear-dependent term [15]. This
proposal is attractive but presents two shortcomings. Not
only does it violate the principle of mass conservation un-
derlying the void growth law but it also presumes that a
void-growth-like behavior is required for failure in shear.
On the other hand, a much earlier mechanism-based model
limited to isolated voids [16] did highlight the essential role
of void rotation and possible linkage of neighboring voids
by mere impingement. More recent direct numerical sim-
ulations [17–19] revealed the existence of a maximum in
the shear load response and exhibited three essential micro-
scopic features: (i) void-induced strain localization at the
sub-cell level; (ii) void rotation; and (iii) void elongation in
the rotated state. However, such calculations are extremely
challenging, and thus cannot be pursued much beyond the
maximum load. Furthermore, they are not scalable so that a
coarse-grained continuum model that mimics the behavior
gleaned from these simulations is lacking [20].
Quite recently, Morin et al. [21] proposed mechanism-
based modeling of failure under shear-dominated load-
ings. Their model accounts for void rotation and void
shape change, but fails to account for the void-induced
strain localization that occurs from the outset in shear.
It also employs an ad hoc coalescence criterion, remi-
niscent of the critical void volume criterion used in con-
junction with the Gurson model [14]. In this Letter, we
present a parameter-free model of failure under shear-
dominated loading, which accounts for sub-cell strain lo-
calization, void rotation and void shape change, and dis-
cuss the model’s capabilities to simulate complete loss of
stress carrying capacity in shear.
When voids are at the micron scale and above, void-
mediated fracture in the shear band may be described by
continuum mechanics. The shear band is assumed to be
acted upon by a shear stress, τ , and a normal tensile stress,
σ, Fig. 2a. Voids are assumed to have nucleated, in some
way, inside the band. A regular doubly-periodic array of
voids is assumed for simplicity so that analysis of a single
tetragonal cell, Fig. 2b, is sufficient. The aspect ratio of the
cell, λ ≡ H/L, represents the current ratio of shear band
thickness to in-plane void spacing. Other cell parameters
include the void volume fraction, f , the void aspect ratio,
w ≡ h/R, along with two unit vectors: n(3) for the orien-
tation of the void, modeled as a spheroid when it deforms,
Fig. 2c, and n for the orientation of the localization plane,
2FIG. 1: Typical fracture surfaces of metals failing in (a) tension,
and (b) shear [12].
Fig. 3. Multiple possibilities for n may be chosen depend-
ing on the underlying spatial arrangement of voids. Here,
only one such orientation is considered, which is normal to
the shear band. Initial values of all internal parameters are
indicated with subscript 0.
FIG. 2: Problem formulation. (a) Doubly periodic row of voids
inside the shear band. (b) Geometry of undeformed elementary
cell. (c) Homogeneous deformation of the cell involving void
rotation.
To investigate failure in shear, we carried out numerical
simulations using a continuummicromechanics framework
for dilatant plasticity that captures the essential features of
sub-cell deformation sketched in Fig. 3. Contrary to the di-
rect numerical simulations in [17–19], we do not model the
void explicitly, but through the coarse-grained model. The
FIG. 3: Essential features captured by the coarse-grained model.
(a) Void-induced strain localization. (b) Void rotation. (c) Void
elongation.
effective elasticity domain is represented by the intersec-
tion of two convex domains. Its boundary is therefore de-
termined by the intersection of two surfaces in stress space
ΦH(σ; f,w,n(3)) = 0 and ΦI(σ; f,w, λ,n(3),n) = 0
where yield functions ΦH and ΦI correspond to homoge-
neous (Fig. 2c) and inhomogeneous (Fig. 3b) deformation
of the cell, respectively. The plastic portion of the symmet-
ric part of the velocity gradient, ∇v ≡ L, is obtained by
normality to the effective yield surface. For generally ten-
sile stress states σ, there is competition between the two
yielding mechanisms [22, 23] with ΦH = 0 prevailing in
the early stages of any triaxial stressing process. For com-
bined tension and shear, as in Fig. 2b, it is the σ/τ ratio
that determines which yielding mechanism would domi-
nate. Yield functions derived from first principles of mi-
cromechanics are used for ΦH [24] and ΦI [25, 26]. Evo-
lution equations for the internal parameters inΦH were de-
rived in [24]; also see [27] for computational details. For
sufficiently low σ/τ (shear-dominated loading) inhomoge-
neous yielding dominates from the outset so that all subse-
quent deformation history is governed byΦI. Details about
the two-surface formulation may be found as Supplemental
Material. Here, it suffices to exhibit the governing equa-
tions for inhomogeneous yielding:
ΦI =


( |σ| − S(χ¯, w¯)
V(χ¯)
)2
+
τ 2
(1− χ¯2)τ¯ 2 − 1 for |σ| ≥ S
τ 2
(1− χ¯2)τ¯ 2 − 1 for |σ| ≤ S
(1)
with
V/τ¯ = 2−
√
1 + 3χ¯4 + ln
1 +
√
1 + 3χ¯4
3χ¯2
(2)
S/τ¯ = χ¯
3 − 3χ¯+ 2
3χ¯w¯
(3)
where the effective ligament parameter, χ¯, and effective
void aspect ratio, w¯, correspond to an equivalent cylin-
drical void with axis n, obtained by a volume-preserving
3projection of the rotating spheroidal void onto the local-
ization plane. The exact shape, spheroidal versus cylindri-
cal, has little incidence on yielding [28]. However, since
equations (1) were derived for cylindrical voids [26], this
choice is made here (see Supplemental Material). Also,
τ¯ is the flow stress in shear of the material without voids,
taken as a power law in the effective plastic strain τ¯ =
τ0(1 + Eγ¯/3τ0)
N with τ0 the initial yield strength, E
Young’s modulus, andN the hardening exponent. Implicit
dependence upon the void axis n(3) in (1) is throughw and
dependence upon the localization plane normal is through
χ¯, w¯ as well as σ = n · σn and τ = m · σn with m a
unit vector along the applied shear.
Upon continued plastic loading, the structure evolves
according to (with C = n(3) · n, S = n(3) · m and
c3 = C3(fw2)/λ2):
f˙ = (1− f)Dpkk = (1− f)Λ
∂ΦI
∂σ
(4)
w˙
w
=
C
2c
([
3C − 1
χ¯2
(w
w¯
) 2
3
]
n ·Dpn+ 6Sm ·Dpn
)
(5)
n˙
(3) = (Ωv +Ωl)n(3) (6)
Ω
l =
(
c˙
c
− 1
3
[
f˙
f
+ 2(
w˙
w
− λ˙
λ
)
])(
n⊗ n− C
2
S2
m⊗m
)
(7)
c˙ = (1− c)D33 (8)
λ
λ0
=
1√J
(
n · FFTn
) 3
4
(9)
n =
F
−T
n(0)
|F−Tn(0)|
(10)
Eqn. (4) expresses plastic incompressibility of the matrix
[13] and Eqns. (5) and (6) are for the constrained motion
of the top and bottom void boundaries due to elastic un-
loading above and below the void (see Supplemental Ma-
terial for derivations.) Also, Λ in (4) is the plastic mul-
tiplier, D
p ≡ symLp, Ωv in (6) represents the deviation
from the continuum spin due to the eigen-rotation of the
void, calculated using Eshelby concentration tensors [29]
after [27, 30], Ω
l
is the shear-induced rotation that comes
from mere distortion of void boundaries (dominant here),
and F is the deformation gradient used to update the band
orientation n. Relations (5)–(8) are straightfroward gen-
eralizations of the evolution equations of Benzerga [22] in
the absence of shear, whereas (9) is taken from [31]. The
effective plastic strain is evolved using Gurson’s identity:
σ : Lp = (1− f)τ¯ ˙¯γ (11)
The above plastic relations were augmented with hypoelas-
ticity within an objective co-rotational finite deformation
framework. The nonlinear constitutive relations were inte-
grated using an implicit time integration scheme similar to
[27].
The typical shear stress versus shear angle response,
Fig. 4a, results from competing effects of matrix harden-
ing (set by N ) and microstructural softening induced by
void rotation, Fig. 4b, and elongation in the rotated state,
Fig. 4c. The angle θ is such that cos θ = n(3) · n. As
a result, the area of the void projected onto the plane of
localization increases monotonically, as captured through
the effective ligament parameter, χ¯, Fig. 4d. When χ¯
approaches unity all stress carrying capacity vanishes by
virtue of (1). This occurs while the void volume fraction f
remains constant (not shown). In actuality, some decrease
in f is expected. To capture this detail would require a
three-dimensional void model [21] and would have little
effect on essential behavior (see Supplemental Material for
further details).
U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FIG. 4: Typical results for vanishingly small tension-to-shear ra-
tio, σ/τ . Against the shear angle, ψ, are plotted the (a) shear
stress, τ , in units of τ0; (b) void orientation, θ (
◦); (c) void as-
pect ratio, w; and (d) effective ligament parameter, χ¯. Simulation
parameters are: f0 = 0.0005, w0 = 1.1, λ0 = 2, N = 0.2,√
3τ0/E = 0.002.
To link the above findings with salient features of
sheared fracture surfaces, Fig. 1b, consider few neighbor-
ing cells at about the ultimate state χ¯ = 1 (dashed in
Fig. 5a). We assume that final linkup would occur by some
finer-scale microshear process, Fig. 5b. In reality, void dis-
tributions are not periodic so that it is likely that when the
elongated void reaches the lateral boundaries, it will link
up with a neighboring void. Details aside, a top view of the
so-simulated fracture surface, Fig. 5c, provides a rationale
for three key experimental observations: (i) parabolic dim-
4ples; (ii) low surface roughness; and (iii) low local porosity,
relative to tensile fracture surfaces, Fig. 1a. Both roughness
and porosity are related to the dimple height, which is set
by the amount of rotation prior to failure. In the example
shown (Fig. 4b) the rotation is actually much more than
depicted in Fig. 5.
FIG. 5: Predicted failure mechanism in shear and its connection
to the fracture surface of Fig. 1b. (a) Few neighboring cells near
the ultimate state χ¯ = 1. (b) Side and top views of cut-out from
(a) after material separation.
At fixed hardening capacity of the matrix material and
fixed void volume fraction f0, the strain to failure is depen-
dent upon the ratio λ0 of initial band thickness to in-plane
void spacing, Fig. 6a. The rotation of the void, Fig. 6b, and
its aspect ratio (Fig. 6c) are also sensitive to λ0. For fixed
porosity of initially spherical voids (w0 ≈ 1), varying λ0
amounts to varying χ¯0 = R0/L0 (Fig. 6d), which has a
direct effect on the strain to failure.
To investigate this effect further, the initial ligament pa-
rameter χ¯0 was varied over four decades. The results in
Fig. 7 show that the strain to failure is essentially set by the
value of χ¯0, which represents the size of voids that nucleate
inside the shear band, relative to their in-plane spacing. In
case of the dense matrix (no voids), the response becomes
homogeneous as expected, Fig. 7a. However, even in the
dilute case f0 → 0 failure is predicted so long as there
are voids. Of course, there is a lower limit in a contin-
uum description on the void size implied by a given choice
of χ¯0 → 0. What is essential is that the lower the value
of χ¯0 the more localized the plastic flow inside the shear
band, and this leads to a faster rotation of the voids, as
illustrated in Fig. 7b. This result suggests that materials
in which small voids are able to nucleate inside the shear
band, such as metallic glasses [32], would have a lower
fracture surface roughness. This is due to the vanishingly
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FIG. 6: Effect of the ratio, λ0, of shear-band width to in-plane
void spacing for f0 = 0.01, w0 = 1.1, N = 0.2,
√
3τ0/E =
0.002.
small dimple height, as the voids would have almost com-
pletely rotated.
UV U#V
FIG. 7: (a) Shear response and (b) evolution of void rotation for
various values of the initial ligament parameter χ¯0 ≡ R0/L0 and
w0 = 1.1, λ0 = 2, N = 0.2, and
√
3τ0/E = 0.002.
Our results illustrate for the first time a possible mech-
anism of failure inside shear bands. They also show that
a micromechanical dilatant plasticity framework can pro-
vide new insights into aspects of material behavior hereto-
fore not explained using either continuum or atomistic ap-
proaches. The predictions connect macroscopic behavior
with detailed microscopic information about observables
(the voids) and measurable attributes thereof. Once the
model is implemented to solve boundary-value problems,
further contact with experiments can be made.
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